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1. Introduction 
In [7,8] McDuff proved that the KZhler form of a simply connected complete Kihler 
manifold (P, w) of non-positive sectional curvature is symplectomorphic to the standard 
symplectic structure of R 2n There she also initiated the study of special totally geodesic . 
properly embedded submanifolds of (P,w). She proved that if a submanifold L (with 
the above properties) is Lagrangian then (P,w) is symplectomorphic to the cotangent 
hundle T*L of L with its canonical symplectic structure. We continued this work in 
[2,3J, where we showed that McDuff symplectomorphism preserves complex (therefore 
symplectic) submanifolds. Using a linearization result which appears in [2,4] we also 
settled the isotropic case. We proved that if r is an isotropic submanifold (always with 
the above properties) then (P, I’,w) is symplectomorphic to (IR2%, IR”,wo) where k is the 
dimension of l?. 
In this notes we investigate the codimension 1 case. We consider a totally geo- 
desic properly embedded codimension 1 (therefore coisotropic) submanifold Q of I’, 
we choose in a suitable way a geodesic r contained in Q and we show that the CK- 
symplectomorphism between (P, I’,w) and (R2n,IR,~g) constructed in [2,3] carries the 
submanifold Q of P into a coisotropic hyperplane of (RZn,q). In other words 
Theorem. For any positive integer Ir’ there is a C”-symplectomorphism from 
(P,Q,,) to (R2n,IR2n-1,uO). 
First we show that the submanifold Q is foliated by totally geodesic complex leaves 
transversal to an isometric flow. A result of Ghys [6] states that in this situation Q is 
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a product 3q x I where 3q is a leaf of the foliation. In the second part of the proof we 
apply a result of Reinhart [ 111. 
I am deeply grateful to D. McDuff and A. Verjovsky for many useful discussions, to 
Y. Carrikre for having sent to me key references, to N.T. Dung and J. Devoto for their 
help. Furthermore I would like to thank G. Gentili for his invaluable support. 
2. The geometry of & 
Let (P,w) be a simply connected complete Kshler 2n-dimensional manifold of non- 
positive curvature, let Q be a totally geodesic connected properly embedded codimen- 
sion 1 submanifold of P. The submanifold & is coisotropic since it is locally a regular 
level hypersurface of some function f : P -+ R; therefore the Hamiltonian vector field 
Hf of the function f, defined by o(X, Hj) = df(X), g enerates the orthogonal space 
T&-‘-w to the tangent space TQ of Q with respect to the form w and TQlw is clearly 
contained in TQ (see [la]). In th is section we investigate the geometry of Q. Denote 
by d the unit vector field normal to Q, by V and V the Levi-Civita connections of 
P and Q respectively. Parallel translation along paths in Q preserves TQ and so also 
the orthogonal space TQI to TQ with respect to the KBhler metric G = (., .). Parallel 
translation also preserves a, i.e. 
Lemma 1. d is parallel along Q. 
Proof. Let 2 be a section of TQL with (2, 2) constant. Then 0 = Vy (2, 2) = 
2(VyZ,Z) and since dim TQ L = 1 it follows that Vy 2 E TQ. Now let X and 
Y be tangent fields to Q; since (X,2) = 0 and because Q is totally geodesic 
(X, VyZ) = -(VyX, 2) = (VyX, 2) = 0. Hence VyZ = 0, for all Y E TQ. cl 
Denote by J the complex structure of P. Because P is Kahler the vector field Jd is 
also parallel along Q. Now consider the l-form 01 on Q defined by o(X) = ~(8, X). 
Lemma 2. The distribution A = ker CY c TQ is integrable. 
Proof. We have A = {X E TQ : (X, J8) = 0). By the Frobenius theorem one needs 
to show that for any two sections X and Y of A their Lie bracket belongs to A. Since 
V = V on Q, we have [X,Y] = VxY - VyX = VxY - VyX E TQ, and since Ja is 
parallel on Q it follows that (VxY, Ja) = 0 and (VyX, Ja) = 0. Hence [X,Y] E A as 
required. q 
Denote by 3q the maximal connected integral manifold of the distribution A through 
the point q E Q. It is easy to see that J restricts to a complex structure on 3 and w to 
a symplectic form. Moreover 
Lemma 3. Each 3q is totally geodesic in Q. 
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Proof. Let A, c T&j, and consider the image of A4 by the exponential map, namely 
p9 = exp,A,. It suffices to show that if r is a geodesic through q tangent to A, then it 
is contained in 3q. So let T be a geodesic such that r(O) = q and i(0) = u E A,; then 
$W), J@ = (o&(t), Ja) t (i(t),V+(,)Jd} = 0, 
and therefore (i(t),J3) = (i(O),Jd) = 0. Th is implies that pq is contained in the leaf 
3b, and since they have the same dimension it follows that they are equal. For any 
q’ E Fq, v E T9tF and geodesic with these initial conditions the same argument shows 
that the geodesic stays in 3q. Hence 3q is totally geodesic. q 
Since Jd is parallel along & its integral curves are geodesics of Q, and because Q 
is totally geodesic in P they are also geodesics of P. Let us fix a point q. E Q and an 
integral curve of Jd through qO; call this geodesic I = {y(t) : y(O) = qO,+(t) = Ja}. 
Denote by 3L the orthogonal flow to 3 in Q, i.e. the integral curves of the field 
Ja. Ghys shows in [6, Proposition 8.11 that the pair (3,3’-) is a Riemannian product, 
which means that there exists a diffeomorphism from Q to 3q x I which sends the 
leaves of 3 on 3q x {*} and those of 3* on {*} x I’. 
We remark that the sectional curvature of any plane tangent to Q containing Ji) 
vanishes. 
3. Symplectic properties of & 
Consider the distance function to I, p(z) = dist(z, I). Let wp = -dJ dp2 be the 2 
form associated to the Levi form of the square of p: G,(X, 1’) = -dJ dp2(X, JY), whirh 
is a positive definite symmetric bilinear form [2], and denote by S the gradient vector 
field of p with respect to the Kahler metric G of P. The gradient field 6 is tangent to 
the geodesics emanating from I’; therefore for any point q of Q, S(q) belongs to A,, 
for the leaves tangent to the distribution are totally geodesic. Since I’ is a geodesic 
of P, it is trivially an isotropic totally geodesic properly embedded submanifold of 
P. In [2,3] we showed that (P, I’,w) is symplectomorphic to (IWZn, Iw,wu). The proof 
consists in two main steps, in the first one we showed that w is diffeomorphic to wp, 
in the second that wp is symplectomorphic to the standard symplectic structure wu of 
~4~~. In what follows we prove that the first symplectomorphism, preserves the totally 
geodesic complex foliation transversal to Jd and that the CK-diffeomorphism which 
pushes forward the symplectic form wp to wu sends the leaves of the foliation 3 to affirm 
spaces symplectomorphic to iW2n-2, so that Q E 3q0 x l7 is sent to IWZne2 x E?,. In order 
to do this we observe that the orthogonal spaces with respect to the forms w and wy to 
the tangent space TQ3?tl) coincide. This follows, as in the symplectic submanifold ca,se 
[3], from the facts that 3 is complex and dp2( v) = 0 for every vector v G-orthogonal to 
37(t). 
Lemma 4. (Tq3+,)jLw = (Tq3-,(t))lwP. 
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Proof. Let 2, E (T,3?(,)) IG and let r be a geodesic such that r(O) = q and i(0) = w, 
then dp2(w) = w(p2) = d/dt]t,op2(r(t)) = 2p(q)d/dtlt,op(T(t)) = ‘+(q)dp(v). Be- 
cause 6 is the gradient of p and it is tangent to the leaves of 3 we have dp2(u) = 
2&)(0) = 0. N ow let Y E (Z’437(t))*u and X E Tg37(t). Then 
dJdp2(X,Y) = X(Jd$(Y)) - Y(Jdp2(X)) - Jcl&[X,Y]), 
but Jdp2(Y) = dp2(JY) = 0 since (X, JY) = w(X, Y) = 0 and Yp2 = 0 since also 
(X,Y) = 0. Therefore an easy calculation shows that 
dJc@(X, Y) = (V7JxY)p2 - (OxY)p? 
For every 2 E T3y(,) we have (Y, 2) = 0; therefore (-VxY, 2) = (Y,VxZ) = 
(Y,VxZ) = (Y,V$Z) = 0 since $2 E T3. Thus V,Y E (Tq3_,ft))‘-” hence 
wp(X,Y) = 0. cl 
For the construction of @r [2] we applied Moser method [lo] to the symplectic family 
Wt = (1 - t)w + tw,. The method provides a family of vector fields ut defined by the 
equation z(ut)Wt = -p where ,0 is a l-form which satisfies the condition Ljt = d/3 
and z denotes the inner product. To define explicitly p, denote by S(Y~) the sphere 
normal bundle to r and consider the diffeomorphism 4 : R+ x S(vI’) -, P - r given 
by &A) = exp,sv, and ~(O,V,) = q. The l-form p is given by the formula &p = 
so’ &(2(6)]% - 4) d s and ,0(S) = 0. By integrating the family of vector fields ut one 
obtains a family of diffeomorphisms @t which satisfies @Tot = wu = w, hence cP;tip = w. 
To prove that @r preserves the leaves of the foliation 3 we must show that the family 
of vector fields ut is tangent to the leaves, for this it is enough to prove that 
Proposition 5. p(U) = 0 f or every vector v which is G-orthogonal to Tq3_,tt). 
Proof. Let q be a point in the leaf 37(t0) and let X, be a vector G-orthogonal to the 
leaf at q, then X, = b,+*(v) f or some 2) E S(vI’) and some r E (0,~). It is enough to 
consider 8, and Jh’, since they span Tq37(t). We consider first X, = 8,. Let 8 be the 
normal unitary geodesic to Q at q, i.e. 0(O) = q and e(O) = a,. Since q and y(to) belong 
to the same leaf dist(q,y(t,)) < dist(q,y(t)) then by 1 e ementary properties of geodesic 
triangles dist(O(s),y(tO)) < dist(6’(s),y(t)), th ere ore f dist(o(s), r) = dist(t9(s),y(t,)). 
It follows that u is normal to r at y(to), i.e. u E ~~(~~1 and therefore the vector field 
W, = +s+z, is the Jacobi field such that W, = 0 and W, = 8,. Hence W, is G-orthogonal 
to the leaf 3y(t0) for all s E (0,r). Because the leaf 3?tt0) is a complex submanifold 
also JW, is G-orthogonal to it, instead J6 is tangent to the leaf since 6 is. Therefore 
w(S, Ws) = (6, JWS) = 0. By Lemma 4, also w,(S, Ws) = 0 thus /3(a) = 0 as we wanted 
to show. See Figure 1. 
Next consider the case X, = Ja,. For any vector field Y tangent to the foliation 3 
the Lie bracket [I’, Ja] is tangent to the submanifold Q and equals -VJaY because 
Ja is parallel along Q. Thus by differentiating (Ja, Y) = 0 we obtain (JB, [Y, Ja]) = 0, 
which according to Carrikre [l, Lemma l] is equivalent for the induced metric on Q 
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to be bundle-like, hence Reinhart lemma holds (see [ll, Proposition l], also stated in 
[9, Appendix 5, p. 2801). W th i ou t 1 oss of generality we can suppose that to = 0. Given a 
geodesic T(S) contained in -T,(,) with r(O) = y(O) and i(0) = 6(7(O)), Reinhart lemma 
implies that for all s there exists a unique geodesic t + d(s,t) starting at the point 
T(S), which is orthogonal to all the leaves it meets, such that 0(s, t) is in the same leaf 
as y(t) = qo,t> and all these geodesic segments have the same length, i.e. leaves are 
locally equidistant. 
Now joining y(t) with O(s,t) by the arc length geodesic, which is completely CO~I- 
tained in the leaf-T,(,) because it is totally geodesic, we obtain a variation by geodesics 
of T. Therefore d/dtlt=o O(s, 2) is a Jacobi field along 7 and equals Ja(~(s)) (hence it 
is a parallel Jacobi field, cf. [5]). As before it follows that p(Ja) = 0. See Figure 2. [7 
6 
.- 
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Figure 2. 
To conclude the proof of the Theorem consider the vector field tp defined by the 
equation z(&,)wp = -$ J dp2. The flow pt of .$, satisfies that +$wp = w,,, a vector field 
with this property is called Liouville with respect to wp. 
Proposition 6. The Liouville field & is tangent to the leaves -T,(,). 
Proof. Let X be G-orthogonal to F then wp(lp, JX) = -$J dp2( JX) = idp2(X) = 0. 
Therefore by Lemma 4 also (f,,X) = w(&,, JX) = 0. •i 
By conjugating & to its linear part (’ by a CK-linearizing diffeomorphism, we showed 
in [4] that wp is symplectomorphic to wo by a C K-l-diffeomorphisnl which takes r into 
Iw. Notice that in local Darboux coordinates (51, . . ..z%.yl, . . ..yn) adapted to r = (2; = 
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0 V i > 2, yi = 0 V i} and & = (~1 = 0) the linear part of &, is 
Because I,_, is tangent to the leaves 3?ttf of the foliation 3 this diffeomorphism takes 
them into the affine (27~ - 2)-dimensional spaces to which (’ is tangent. 
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